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DYNAMIC RESPONSE OF VERTICALLY 'LOADED 

NONLINEAR PILE FOUNDATIONS 


By Toyoaki Nogami,1 M. ASCE, ·arid Kazuo Konagai2 

ABSTRACT: Nonlinear conditions are implemented in the time domain formu­
lation for the_ dynamic response of pile foundations previously developed by 
the writers. Both single and group piles subjected to vertical dynamic load are 
considered. In the present study, the nonlinear effects in the vertical response 
are assumed to result from slippage of the pile from the soil. In order to dem­
onstrate the capability of the present formulations and to see the effects.of non­
linearity on the dynamic response of pile foundations, pile foundation re­
sponses are computed for both harmonic and transient load. Various interesting 
observations are made based upon· the computed results. 

INTRODUCTION 

The dynamic response of pile foundations has been formulated by var­
ious researchers. The frequency domain finite element method was used 
for both single piles (2,6,7) and group piles (22) under linear elastic con­
ditions .. The frequency domain finite method was further used for non­
linear pile foundations but limited to single piles (i), To account for the 
nonlinearity, the soil constitutive relationship proposed by Hardin and 
Drnevich (3) was implemented in the fini\e element method. 

Solving wave equationsJor the-1ll)rmal modes. of the soil stratum, an­
alytical expressions for . the frequency domain soil response were ob­
tained and used.for the frequency domain dYI\\amic response•analysis of 
linear elastic single-piles (8,9;:19) anclp~ps (10). ·Wave equations 
were. also solyed-~ail\the express1···0··n for the fr~quency domain soil 
response due !o aih(~l(tr firg load, and the dynamic response of.linear 
elastic piles wa!Vfortnulated in tll<Ptreqx)ency domain for both single and 
group piles (5,21). •· ' · 

In order to simplify the solution and economize the computation, a 
Winkler's hypothesis was us~d to formulate the frequency domain re­
sponse of linear elastic single piles (18) and pile groups (11,13,14,20). In 
this approach, the analytical expressions for the soil response were ob­
tained by solving wave equations applied to a plane strain medium. This 
approach ba_sed on a Winkler' s hypothesis was further applied to the 
nonlinear single pile response analysis in the frequency domain (15), in 
which the cyclic unit load transfer curves, widely used in the "static" 
cyclic response analysis of piles, were used together with the expression 
for the soil response developed in Ref. 18. 

Following a Winkler's hypothesis, the time domain expression for the 
dynamic response of single and group piles were developed for piles 
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subjected to dynamic axial load (5,17). The. time domain Winkler soil 
model in this expression was developed by solving wave equations ap­
plied to a plane strain medium. However, the conditions considered are 
lmited to linear elastic conditions, which may not be realistic for pre­
dicting the behavior of highly nonlinear systems such as pile founda­
tions. The present study extends the previous studies made for the. time 
domain analysis of linear pile foundations (5,17) and considers the non­
linear conditions. 

FORMULATIONS 

Following a Winkler's hypothesis, the soil reaction force to the pile 
shaft is assumed to be related to the soil response only at the depth 
where the reaction force is considered. Visual presentation of thi~ ideal-: 
ization is given in Fig. 1. In addition, the behavior of the soil at a given 
depth is assumed to be that of an elastic plane strain continuous ·me­
dium. All of those assumptions have been examined and found to be 
reasonable (12,13,14). It has been observed that the nonlinearity in the 
vertical response qf the axially loaded pile is mainly due to slippage at 
the soil-pile interface. Thus, the present formulittion considers slippage 
at the soil-pile interface. · 
Soil-Response.~A massless rigid disk is assumed to be embedded .in 

a plane strain medium (Fig. 2). The steady-stat_e response of the medium 
for a harmonic load applied to the disk is approximately expressed as 
~~ . 

- 3 . 

_ ~ 1 -iao(r-ro)/row(ao, r) - 2; . e p(a0) ••••••••••••••••••••.••• (1) 
r 11 ,.,1 kn+ lCnao · ~ 

where r0 = radius of the disk; a0 = r0w/V5 ; U) = circular fieqUency; Vs = 
shear .~ave velocity; r = distance measured frqm the ceritei of the disk; 
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4 

PLAN VIEW 


SIDE VIEW 

FIG. 1.-Schematlc View of Winkler 
Idealization 
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FIG. 2.~Massless Rigid Disk Embed­
ded In Plane Strain Medium 
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w(a , 0 r) = vertical displacement amplitude of the medium; and p(a ) 0 = 
amplitude of the force. Denoting G, as a shear modulus of the medium, 
kn and c11 are given as 

o.62• r 

2-k, ( ) 
= 3.518 :; 1s;:;;s40 ............................. (2a) 

G, { 0.352 40 s !._ 
r, 

0.359 
r 

= ls-s28.6..!._ k, 3.518 ( :;) ro (2b) 
r G, { 1.074 28.6 S­
ro 

0.162 
r 

..!._ 1s-s5.4k, = _5.529 ( :;) 
............................ (2c) r 

G, { 4.202 5.4 S­
ro 

v, {c'}. ·{113.097- c2 = 25cl33 r "= r0 ••••••••••••••••••••••••••••••••••• (2d)
G ro " 

' C3 9.362 

The preceding approximate expression for the soil response is obtained 
by using three Voigt models connected in series to reproduce the soil 
behavior at the pile shaft (r = r ) 0 and by implementing the characteristics 
of the cylindrical shear wave propagation. 

Applying an inverse Fourier transformation t(l Eq. 1, the response of 
the medium due to the trapezoidal load shown in Fig. 3 is expressed in 
the time domain as (5,17) 

3 3 

w(t,r) = p(O) LH,(t,r) + p(!>.t) L I,(t,r) ................ : ....... (3) 

ri""l '1""1 

in which t = time; !>. t = duration of trapezoidal load applied; and p (0) 

P(t) 

P(t.t) 
P(O) 

0 t.t 

FIG. 3.-Trapezoldal Load Applied during Period t 
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and p(At) = magnitudes of the trapezoidal load at t = 0 and At, re­
spectively. Denoting !0 = (r - r0)/v, and K, = k,/c"' H,(!,r) and J,(!,r) 
are 

1{- 1
t;;,, t0 H,(t, r) = !; .!. \j-;: - e•·•• - (1 + - -)} ,-.,(t-•l ........ (4a)


kn Knilt Knilt 

and J,(t, r) = /~ .!. {(1 --1
" 

-) e•·•• + - 1-} ,-.,(t-tol .......... (4b) 

r kn KnAt KnAt 

t < t0 H,(t, r) = 0 and I,(!, r) = 0 ............................ (4c) 

The time history of the soil reaction force is digitized at every time 
interval, ilt, and is assumed to be a piecewise linear variation with time 
as shown in Fig. 4. The soil response to the force shown in Fig. 4 can 
be expressed at time !; from Eq. 3 as (5, 17) 

3 3 3 

w(t;,r) = L l,(!J.t,r)p(t;) + L H,(li!,r)p(!;-1) + L w,(t;_1 ,r)e-"""' (5) 
n=l n=1 n"'l 

When N piles in a group are considered, At is set to be less than (r­
r0)/v, to ensure that the wave induced in the soil at the piles does not 
reach other piles during the period Ii!. Under this time interval At, Eq. 
5 at the location of the Ith pile becomes as 

3 3 

w(t;) = L I,(lit,ro)p(t;) + L H,(At,ro)p(t;-1) 
n=l n=1 

3 N 

+ L L 1 w,(t;-i, r1m)e-••• ............................ ............ (6) 

n=1 m=1 

in which w(t;) and p(t;-1) = displacement and force at the locations of 
the Ith pile, respectively; and r1m = distance between the Ith and mth 
piles. Thus, inverting Eq. 6, the soil reaction forces at the Ith pile for a 
given depth are expressed as 

P( t) 
ti = i ·6.t 

.... 
._____.__..__.__..__ _ __.__..._ t 

FIG. 4.-Plecewlse Linear Time History 
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p, =kw,+ d, .................................................... (7) 


in which p1 = p(t;) and w1 = w(t1); k and d1 are known at 11 and expressed 
as 

1 
k = 3 ••••••••••••••••••••••••••••••••••••••••••••••• (Sa) 

2: I.(At, ro) 
n=1 

3 N 3 

d; = -kp(t,_1) 2: H.(At, ro) - k 2: 2: w.(t;-1,r1m)e-··•• ............. (8b) 

n=1 m=l n=l 

Similarly, the soil reactions for all other piles can be expressed by Eq. 
7. This equation for each pile is independent of and not coupled with 
w1 at other piles. The effects of other piles appear through d1 which is a 
known value at t = t1 • 

When the slippage between the soil and pile is allowed, Eq. 7 is mod­
ified to consider the slippage as 

p1 = k(W1 - y1) + d1 ••••••••••••••••••••••••••••••••••••••••••••• (9) 

in which y1 = cumulative slippage displacement; W1 = displacement of 
pile shaft; and w1 = W1 - y1 • The slippage starts when p1 reaches 27rr0T1, 
in which T1 = the maximum shear stress allowed at the soil-pile interface, 
and stops when the velocity, y, becomes zero. When slippage does not 
occur during the period from t1-1-·t1, Yi is known and = Y;-1 in Eq. 9. 
On the other hand, when slippage does occur, p1 is known and 27rroT/ 
but y1 is unknown in Eq. 9. Thus, during slippage, the unknown dis­
placement, Yi, is governed by 

27rroT/ = k(W1 - y1) + d; .. ....................................... (10) 


Pile Response.-The soil-pile system is divided into a number of hor­
izontal slices as shown in Fig. 5. The response of a pile segment to the 
dynamic load is governed by 

Piles 

-
. ,•,·.·.·.·,··*··.·.f.:.: ·.·.·f:·:-J:·:·:······ 

M ~··~···~~~··~··~··~·· 
Piles Made of Soil 

FIG. 5.-Soll-Plle System Divided Into Horizontal Slices 
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d2
W1 .. 

E,A dz' -p, = m,w, ......................................... (11) 


in which E,A = axial stiffness of the pile shaft; m' = mass per unit length 
of the pile shaft; and p, = soil reaction force to the pile (p1 s 2'1TroT/). 
The soil reaction force, p1, is 

_ {k(W; - Y1-1) + d, (during no slippage) 
p; - 2'1TroT/ (during slippage) · · · · · · · · · · · · · · · · · · · · · (l2) 

When the increment of the acceleration, W, is assumed to be propor­
tional to I", the velocity and acceleration of the pile are related with the 
displacement, wi I through 

. a + 2 a + 2 . aAI .. w, = Ti w, - Ti w,_, - (a + 1)w,_, - 2 w,_, ............. (13a) 


.. (a + l)(tx + 2) (a + l)(a + 2) (a + l)(a + 2) .
wi = At2 W; - At2 W;-1 - at wi-1 

(a + l)(a + 2) ..w,_, ......................................... (13b)

2 

in which a = a constant to control the solution stability in a numerical 
computation (-1 <as 0). 

Substitution of Eqs. 12 and 13 into Eq. 11 results in 

d2·W; i . 
- - - A W1 = ~1 ..•••.••••••••••••••••••••••••••••••..•••••••• (14)
dz 2 

where during no slippage 

m, (a + l)(a + 2) k 
A2 = + - ................................. ·(15a)


E,A At2 E,A 

m, {(a + l)(a + 2) (a + l)(a + 2) . · 
~i = (d, - ky;) - E A At w,_, + Al w,_, 

p 

(a + l)(a + 2) .. }+ 2 wi-1 ....................................... . (15b) 


and during slippage 

m, (a + l)(a + 2)
2 = E,A At' ' ....................................... (16a) 


m, {(a+ l)(a + 2) (a+ l)(a. + 2) . 
f1 = 21'1'Yo1'f - - Wi-1 + Wi-1 

E,A At At 

+ <+ 
1~+

2
) w,_,} ............................................. (16b) 


The solution for Eq. 14 is given in Refs. 5 and 17. In the solution, the 
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displacement of a segment is expressed as a polynominal function of z 
with the least number of terms, required to account for the boundary 
conditions at the upper and lower ends of the segment (four terms). The 
solution accounts for the layered nonhomogeneity of the soil medium. 

NONLINEAR RESPONSES OF PILE FOUNDATIONS 

Response to Harmonic Excitation.-,Both a single pile and a group of 
piles in a homogeneous soil medium are considered. A group of piles 
is assumed to be attached to a common massless rigid cap. Rigid bed­
rock is assumed to be located either at the pile tip .or at a depth as great 
as twice of the pile shaft length. Although various distributions of Tl 
along the pile shaft can be considered, a simple linear variation from Tl 
at the pile head to 2T1at the pile tip is considered in the present study. 
Information of the soil and pile foundations is given in Fig. 6 further. 

A harmonic load of amplitude, P, is applied at the pile head. Excita­
tion frequency is given in terms of the frequency parameter a0 (=r0w/v,) 
and is a0 = 0.3. Fig. 7 shows the time history of the pile-head displace­
ment of a single pile for various P/(TiL2

) ratios, in which L =the length 
of the pile shaft; It is noted that P/(T1L2) = 0 corresponds to the case in 
which slippage. is not allowed in the analysis. Fig. 8 shows the time 
histories of the soil reaction force and of the cumulative soil slippage 
displacement at a depth near the ground surface. It is seen in the figures 
that the nonlinearity (slippage) increases. the maximum pile-head dis­
placement and changes the phase shift. 

The time histories of the pile-head response were computed for har­
monic excitation given at the head. The maximum response and phase 
shift were read in the time histories where the responses were in a steady 
state. With those values, the pile-head stiffnesses were computed for 
various frequencies. Fig. 9 shows the pile-head stiffnesses of single end­
bearing and floating piles at various frequencies. When severe nonlin­
earity develops in end'bearing piles, the real part of the stiffness is re­
duced to the stiffness of a pile shaft alone and the imaginary part in­
crease.s very .little with frequency. When severe nonlinearity develops in 
floating piles, the real part of the stiffness is drastically reduced to a very 
small number and the imaginary part increases with frequency even faster 
than it does under elastic conditions. Thus, at high frequencies (say a0 

> 0.4), ··the nonlinear el)vironment can significantly increases the damp­
ing effect in floating piles. 

The stiffnesses of a 2X2 end-bearing pile group are shown in Fig. 10. 
It is of great interest that nonlinearity affects the group stiffness very 
significantly at the frequencies around the peaks, even when it does very 
little at very small frequencies. This is because the slippage length. in­
creases along the pile shaft at the frequencies around the peaks (Fig.11) 
and thus the interaction effects are decreased. It is noted that the slip­
page depth shown in Fig. 11 is the greatest depth at which slippage 
occurs .. However, slippage is. not necessarily induced simultaneously·all 
along the slippage depth shown in the figure. 

Response to Transient Load.-A transient loading as shown Fig. 12 
is applied at the head of single piles. The pile and soil considered in the 
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E 8 /Ep = 0.0012 

p8 1pp = o.a11 

Rigid Cap Ep.pp 

4-Pile Group Single Piie 

FIG. 6.-Plle Foundations Considered 

FIG. 7.-Tlme Histories of Piie-Head Displacement 

analyses are identical to those shown in Fig. 6 but only single piles are 
considered. 

The displacement time histories of the pile-head subjected to a iran­
sient load are shown in Fig. 13- for both end-bearing and floating piles. 
The difference between the responses of those two piles is remarkable 
as is seen in Fig. 13. The nonlinearity of the system.increases. the peaks 
in the transient response of end-bearing piles but produces very little 
permanent displacement. On the other hand, the amount of permanent 
displacement of floating piles· is sensitive to the magnitude of the load 
applied and can be very significant. Because of a very high damping as 
observed for floating piles subjected to harmonic' motion, floating·piles 
do not oscillate. 

The slippage at the soil-pile interface causes a permanent relative dis­
placement between the soil and pile. This results in a residual Skin fric­
tion along the side of the pile and residual axial force in the pile shaft. 
Fig. 14 shows those forces after the transient load is applied. The resid­
ual forces are more significant for a floating pile than for an end-bearing 
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FIG. 9;-Plle-Head Stiffness of Single Pile: (a) End-Bearing Pile; (b) Floating Pile 

pile. The interesting features observed in the residual forces in a floating 
pile are as follows: 

1. The distribution pattern along the pile shaft depends on the mag­
nitude of the load applied. 

155 



• • • 

3.0 

:i. 
!!:! .... 2.0 

£ 
iii 
,0 

0 

iii 
1.0 

0: " 
..' 

0 

- ­ Real Part 
--- ­ lma11. Part 

0 0.1 0.2 0.3 .... 0.4 0.5 

Frequency, a 0 

FIG. 1o~Plle,Head Stiffness of Piie Group 

•
•"' 0 

=ii·'" 
c0 °'•-' = 

0. 
0:Cl• " 

•x 

" 


4-Pile Group -- Single Pile---­

0.2 
-...._ 

-.... ............. 
Pmaxl(t'1L2_) ...,0.4 •1.0 

Pm 0 /(t'f L2
) • 0.2 -

0.6 

0.8 

1.0 
0. 1 0;4 0.5 

Frequency, a 0 

FIG. 11.-Maxlmum Depth of SllPl'89•.under Time Harmonic. Excitation 

2.. For relatively small load level, the residual skin friction force pulls 
down the upper portion of pile but pulls up the lower· portion of the 
pile. 

3. For relatively large load level, ·the skin friction force pulls down the 
pile along the entire length. 
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P(t) 

P(t) = Pmaxsin(7T/.6.T·t) 
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AG. 12.-Translent Load Applied 

FIG. 13.-Tlrne History Pile-Head Dlsplaceinent Due to Tran.slerit Load: (a) End-
Bearing Pile; (b) Floating Pile ·· 

4. Because of the difference in skin friction distribution stated in 2 and 
3, the maximum residu~l compressioii. force is induced somewhere be­
tween the head and tip of the pile for relatively small load, whereas it 
is at the pile tip for relatively large load. 

The energy 

e, = Lf
dissipation due to radiation damping can be computed as 

21fr0T(W - y)dzdt .. ................................... (17) 


where T = skin friction stress at the side of the pile shaft. Fig. 15 shows 
the variation of the cumulative energy loss due to the radiation damping 
with time as a percentage of the total work applied to the floating pile 
considered. The percentages in the figure illustrate the degree of im­
portanc.e of the radiation di:imping if!. the nonlinear environments: .the 
higher the percentage, more important the radiation damping is. As it 
is seen in the figure, the importance of the radiation decreases dramat­
ically when the nonlinearity develops. 
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CONCLUSIONS 

The nonlinearity of the soil-pile system is introduced in the previously 
formula.led time domain formulation of dynamic responses of pile groups. 
It is assumed that the rionlinarity of the system is caused by slippage 
between the soil and pile at the soil-pile interface. The dynamic re­
sponses of nonlinear pile foundations are computed in order to dem­
onstrate the present approach and to review. briefly the effects of the 
nonlinearity on the. dynamic response of pile foundations. Both har­
monic artd transient load are considered for this computation. The fol­
lowing are observed in the computed results: 

1. Both the real and imaginary parts of the stiffness of single piles are 
recjuced by the nonlinearity. 

2. The nonlinearity tends to kill the wave interference effects and thus 
makes the stiffness markedly less dependent on the frequency compared 
with the case in which the nonlinearity is not considered. 

3. The responses of floatirtg and end-bearing piles to the transient load 
are markedly different when the piles are rather stiff. · 

4. The nonlinear conditions produce residual Skin friction and resid­
ual axial force .in the. pile shaft. 

5. The distribution pattern of the residual forces induced by the tran­
sient load are dependent on the magnitude of the load. 
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